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Introduction

1 B Introduction

The pendulum is a very well-known object. It recalls the construction of the
old-fashioned mechanical clocks, which even in times of quartz timepieces, digital
and atomic ones remain relatively common. The pendulum’s attraction and
interest is associated with the familiar regularity of its swings, and as the
consequence its bond to the fundamental natural force of gravity.

The pendulum might be spotted in variety of different areas, starting from
the most obvious mechanics, through the usage of metronome by music schools,
ending on the film by Umberto Eco Foucault's Pendulum.

The history of the pendulum might be begin with a recall of the tale of
Galileo's observation of the swinging chandeliers in the cathedral in Pisa. “By using
his own heart rate as a clock, Galileo presumably made the quantitative
observation that, for a given pendulum, the time period of a swing was
independent of the amplitude of the pendulum’s displacement. Like many other
seminal observations in science, this one was only an approximation of reality. Yet,
it had the main ingredients of the scientific enterprise; observation, analysis and
conclusion. Galileo was one of the first of the modern scientists, and the pendulum
was among the first objects of scientific enquiry” [1].

There is a wide range of pendulums. The very first and the most common is
a simple pendulum, characterised by the small amplitude. Neglecting the energy
loss factors, there is no need for energizing this device through the forcing
mechanisms. Taking a relatively small swing of the pendulum, makes it possible to
linearize the equations and thus formulate the solution of the motion of this device.
By adding another simple pendulum to the end of the first one, we obtain more
complex system (series connection of the pendulums). Further introduction of
complicating factors like elastic joint, energy losses and finally subjected the whole
system to the periodic oscillation might lead to the chaotic motion, what is the
subject of this paper.
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Introduction

1 . 1 The examined system

This master of science thesis is to investigate the tendencies and behaviour
of the double pendulum subjected to the parametric, vertical excitation. The
system of investigation is presented in the figure 1.

!
|

m;

n,

Fig. 1 Double pendulum system.

The examined system consists of 2 concentrated masses attached to the
ends of the joints. The joints are assumed to be massless, the first one is elastic,
whereas the second one has the fixed length.

1 .2 Aim of the thesis

The aim of this paper is to numerically investigate and analyse the system of
double pendulum with parametric, vertical excitation, presented in chapter 7.2.
The research include influence of the selected control parameters on the behaviour
of the double pendulum system as well as the bifurcation analysis carried for
different control parameters. Additionally, the research includes presentation of
the behaviour of the system using Poincaré maps, phase portraits and time
diagrams.
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2 m Basic concepts of physics and mathematics

In this chapter basic definitions and theorems, used in the further part of
this paper, are introduced. They are put in order of appearance and complexity.
There are subchapters devoted to physical and mathematical section.

2 . 1 Concepts of physics

Generalised coordinates (definition 1, [6])

Generalised coordinates is the set of independent coordinates explicitly
defining position of the system, number of generalised coordinates is equal to the
number of degrees of freedom of the system.

Ties (definition 2, [6])

The factors resulting in limitation of the motion of the material points are
called ties. The limitation of the freedom of movement of the system consisting of n
material points can be analytically expressed by means of equations and
inequalities presented below:

fi = (B, 7, T, ) =0 forr k=0(1,2,..,p),

(2.1)
or
@, = (7,7, ., T t) <0 for l1=01,2,..,9),
(2.2)
are called equations of ties.
5
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Mobility of the system (definition 3, [6],[8])

By the mobility of the system we specify its number of degrees of freedom.
This might be understood as a number of independent input motions, either
translational or rotational ones, defining the orientation of the body or system.
There is a relation between an arbitrary point of the system and the remaining
ones. Namely, there are n - 1 distances between the points. Then, subsequently
free rigid body has the number of degrees of freedom, given by the equation:

B nn—1)

=3
f=3n >

(2.3)
Kinetic energy (definition 4, [6])
The quantity given by (2.4) is called the kinetic energy of the material point.

muv?

T = .
2

(2.4)
Total kinetic energy (definition 5, [6])

The quantity given by (2.5) is called the total kinetic energy of the material
point.

(2.5)
Potential energy (definition 6, [4],[6])
If there exists function V (7, t) such that :
V= dv = (*6V+*OV+E6V)
- e =\t T ey T P ok
(2.6)

then it is said, that force F is potential and function V (7, t) is called the potential of
that force. We see that, the potential force is only dependent on the position and

time 17"(?, t). If the potential is not dependent on the time - V (7), then it is said, that
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the force F is conservative and then V(7) is called the potential energy of the

material point in position 7 in the field of force F (7).

Considering distances significantly smaller than radius of the earth, then
one can assume, that gravitational field is uniform, of vertical direction and
backward sense. The potential energy of mass m, placed over distance h, with
respect to preselected frame of reference is equal to the product of mass m,
gravitational acceleration g and that distance h:

V = mgh.
(2.7)

Taking into consideration an elastic element obeys the Hook's law, there is
the proportionality of the acting force to its elongation. Hence, when the length of
the (for instance) spring is given by a + x, then the force in spring is as follows:

F = kxi,
(2.8)
where i is a versor.

The constant k is called the stiffness of the elastic element. The force F is
positive, when x is positive and negative. In case of x being negative, it shows the
tendency of the spring to return to the unconstrained length, regardless the fact
whether it was stretched or compressed.

The work done by the force acting on the elastic element, while its length is
changed froma to a + x,is given by:

2

x kx
j ~k§idgi= ~ —-.
0
(2.9)

The above expression shows, that force in the elastic element is a conservative
force of the following potential energy:

(2.10)
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Conservation of energy (definition 7, [4])
In conservative systems, sum of kinetic and potential energy is constant.

T + V = const.
(2.11)

2 .2 Concepts of mathematics

Ordinary differential equations (definition 8, [5])

Ordinary differential equation (ODE) is the equation including an
independent variable x, unknown function y and its derivatives y’, y", ..., y™.

F(x,v,y', ...,y(n)) =0,
(2.12)
where F: R"*2 — R.

The solution of the equation given by (2.20) in [a, b] is the function of the
following properties:

/\ F(x,y(x),y’(x),...,y(")(x)) = 0.

x€[a,b]

(2.13)
Lagrange's equations of the second kind (definition 9, [4])

Let us consider the system of N degrees of freedom, described by N
generalised coordinates q;, i = 1,2, ...,n. The Lagrange's equations of the second
kind are formulated as follows:

d(aT) 8T+8D+6V_Q
dt \ag; dq; 9q; Odgq; Y

(2.14)
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where T is the kinetic energy and V is potential energy of the system. The function
D is the Rayleigh dissipation function, whereas Q; is the generalised external force
applied to the system. The value of Q; can be expressed as follows:

_ ZF an N ZM dw;

l

(2.15)

where F; and M; are external force and external moment vectors respectively. The
index [ indicates, which of the forces (or moments) are considered, r; is the
position vector with respect to the point of application of the force F;; w;is the
angular velocity of the system with respect to the application point of the moment
M,. Products presented in the equation (2.15) are scalar values.
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3 m  Simple pendulum

According to [1], simple pendulum can be treated as the perfect model of
areal pendulum. It is build with a concentrated mass m, attached to a rod with
negligible mass and of initial length [. Whole system is fastened to a frictionless
pivot point, as shown in fig. 2.

mg
Fig. 2 Simple pendulum.

If the pendulum is displaced from its equilibrium position and released, i.e.
potential energy is turned into kinetic, it will oscillate around equilibrium position
with a constant amplitude for infinitely long time - the pendulum will be subjected
to the harmonic motion. As mentioned, the frictionless pivot point is assumed and
no air resistance to motion. According to the Newton's second law, force is equal to
mass and acceleration product, given by the equation:

d?6 ]
mlﬁ = —mg sin0,

(3.1)
where 6 is the angular displacement of the pendulum from the equilibrium

position and g is the gravitational acceleration. Considering very small amplitude
of oscillation, sin & = 6, after simplification we obtain:

(3.2)

10
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Solving the above equation for 0, we receive:

0 = 6, sin(wt + ¢y),
(3.3)

where 6, is the angular amplitude of the swing and ¢, is the initial phase.
w= 2
l )

w is the angular frequency of the pendulum, and its period T is given by the
following formula (linearized approximation):

l
T = 2m |—,
g

It should be pointed that for a given pendulum its period is constant and is only
dependent on its length.

(3.4)

(3.5)

Taking angular displacement 6 and its derivative - angular velocity 6,
respectively, as the functions of time we receive:

0 = 6y sin(wt + ¢y),
(3.6)

0 = Bywcos(wt + o),
(3.7)

and now it is possible to create graph depicting their dependencies - time series.

11
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) dordr

=
)
o

Time

Fig. 3 Time series for angular displacement and angular velocity [1].

As shown in figure 3, the displacement and velocity are out of phase by 90
degrees, it means that, if one quantity reaches its maximum, the other one has
value of zero - when pendulum has maximum velocity, its displacement is equal to

zero and vice versa.
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1 m Double pendulum

Basing on [1], let us consider the system presented in figure 4:

Fig. 4 Double pendulum.

It consist of two simple pendulums connected in series in such a manner that the
second pendulum is attached to the bob of the first one [7]. While we are dealing
with two angular degrees of freedom, denoted as 6; and 6,, the behaviour of the
system will more complicated than in case of the simple pendulum. Due to the
occurrence of the additional degree of freedom, as well as more complex motion,
the system is prone to chaotic motion and very sensitive to initial conditions [1].

The potential energy of the double pendulum is calculated as the reference
of the lifted pendulum to the zero potential energy state at equilibrium position,

thus the equation takes the following form:

V =mygly(1—cosO,) + myg[l;(1 — cosB;) + 1,(1 — cosB,)].
4.1)

In order to formulate kinetic energy equation will make use of derivation of
x and y coordinates of the system, which are presented below:

Xy = llsinel + leinez,

Yy, = —licos0; — l,co0s6,.
(4.2)

13
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After derivation and summing up the expressions, we are able to specify the final
form of the kinetic energy:

1 . 1 . 1 . .
K= Emllfelz + Emzlfelz + Emzlgezz + m2l1l2 COS(Ql - 02) 0102.
(4.3)
The simplest Lagrangian equation is as follows:
d (JL <6L> _
dt \dé, do;)
(4.4)

Using the Lagrange's equations and making adequate substitutions we may
formulate coupled equations of motion for the system given:

. L, . [,
6, = ——292 cos(6, — 6,) — —92 sin(6, — 0,) — g siné,,
uly nly Ly
(4.5)
s L., . g .
0, = ——0,cos(6; —6,) + —07 sin(6; — 6,) — — sinb,,
Iy Iy Iy
(4.6)

where:
=14+ (m +my).

To decompose angular acceleration terms we substitute them by placing the
second equation in the first one and vice-versa, we receive:

g(sin@, cos(8, — 6;) — usinb,) — (l26'2 + 1,67 cos(8; — 6,)) sin(6; — 92)
Lo L (p— cos?(6; — 6;))

4.7)

gu(sin 6, cos(6; — 6,) —sinf,) + (,ullel + 1,62 cos(6; — 6,)) sin(6; — 62)

b =
2T l(p — cos?(0; — 63))

(4.8)

Introducing new variables, w; and w,, allows us to formulate four equations,
making it possible to facilitate numerical solution.

14
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91 = W1,

(4.11)

g(sin8, cos(8, — 0,) — usin8,) — (Lw3 + l,w? cos(8; — 6,))sin(6, — ;)
Wy = ,
! Li(p— cos?(0; — 6,))

(4.9)
0.2 = (1)2,

(4.12)

gu(sin 8, cos(8; — 6,) —sin8,) + (ulyw? + lyw3 cos(8, — 6,)) sin(6; — 6,)
W, = .
2 L (u— cos?(0; — 6;))

(4.10)

To obtain, chaotic behaviour, according to the [1], we introduce mass m, < my

and exemplary initial values of angular displacements and angular velocities
6;=05;60, =20; w; =0; w, = 0.

Angular velocity

Time

Fig. 5 Time series of the angular velocity of the lower mass of the double pendulum [1].

15
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5 m Introduction to dynamics

Phase space (definition 10, [2],[4])
Let us consider the following differential equations:

d
T= @, x(t) = x

(5.1)

where x € D ¢ R™,t € R*.D is open subset of R". We call the system autonomus
system of the n-th order, since time is not existent explicitely on right side of the
given equation. For instance, free oscillations are considered as autonomous
system, due to the fact that, energy is not delivered to the oscillated system.
Analogously, the set of equations:

d
=0, ()= %

(5.2)

where x € D ¢ R™,t € R, in which time is given implicitly on the right side of
the equation. Such a system is called nonautonomous system of the n-th order. The
typical example of this system are oscillations with external excitation, wherein
energy is delivered to the system. If there exists such T > 0, that:

fx,t) = flx,t + T),
(5.3)

for every x and t, then the set of equations is called periodical, with period equal to
T.

Nonautonomous, periodical set of equations of n-th order and period T can
always be replaced with autonomous system of (n+1)-th order, under the

condition that, additional variable 8 = %t is introduced. Then, the corresponding

autonomous system has the following form:

16
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dx t
a: f(x)9<%)> ) X(to): Xo 5
(5.4)

(5.5)

The set D is called phase space of the system. In most of the considered
systems, the phase space is n-th dimensional real space or its subspace, in the
theory of oscillations.

The dynamic system defined by the equation (5.1) is such a mapping:
®: R" xD - R", (5.6)

defined by the solution x(t) of the mentioned set of equations. The right side of
this equation is a function f, defining vector field in R™:

f: R*—> R™ (5.7)

In order to show the dependency of the autonomous system equation on the initial
conditions in the explicit form, the solution is written in the form ¢, (xo)

frequently. The phase flux is represented by the mapping:
d,: R" > R™ (5.8)

According to [2], the phase space of the dynamic system is an abstract space
with orthogonal coordinates. Each coordinate represents parameter necessary to
define the state of the system, for example, in order to define state of a particle
moving rectilinearly we need to variables - x for the position and x for the velocity.
Hence, phase space is 2 dimensional. However, if the particle is in uniform
rectilinear motion, then to define its state, only 1 variable is sufficient - x, and as
the consequence the phase space is 1 dimensional. Generally, the phase space of
the dynamic system is n — dimensional, depending on the dimension of the system.

Let us consider harmonic oscillator, characterised by the following
equation:

(5.9)

17
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with initial conditions x(0) = x, and x(0) = x,. In order to receive set of
equation, given by (5.1), we introduce new variables x = x; and x = x, ,
obtaining:

X1 = Xy,
(5.10)
X, = —Xq.
(5.11)
Then, the solution of the equation (5.9) has the following form:
X1 = Xxg cos(t) + xq sin(t),
(5.12)
Xy = —Xxg sin(t) + x, cos(t).
(5.13)

Hence, the dynamic system defined by the equation (5.9) is given by the following
mapping:

CD(t, Xo, J'co) = (t,xocos(t) + xsin(t),—xg sin(t) + x, cos(t)),
(5.14)

where:
d: Rt x R?-> R2
(5.15)

The solution of the equation (5.9) might be represented in 3 dimensional space
R* x R?, as depicted in figure 6.

Xy

e,

X2

Fig. 6 Graphical representation of solution of the harmonic oscillator equation.

18
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Dividing the equation (5.11) by (5.10), we receive:

dx, X

dx, X,
(5.16)

and after integrating (5.16), we receive equations forming set of circles in phase
space R?:

xi + x3 =g,

(5.17)

c = (x1(0))* + (x2(0))>%
(5.18)

And its graphical representation in figure 7:

Fig. 7 Set of circles in phase space R,
Trajectory (definition 11, [4])

The equation analogical to the (5.16) can be written for general case,
defined by the set of equations (5.1). One can present mentioned set in the
following form:

dxl- i
I = fi(x), i=12,..,n

(5.19)

If fi(x) # 0, then it is possible to replace componential part x; of the vector x
with a new independent variable. In such a case we obtain:

19
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dn
dt k)
dtn  fl®

dt — fi(x)

(5.20)

The solution of the equations (5.20) in phase space is called trajectory (orbit) of
the system. According to the theorem of existence and explicity of the solution of
the differential equation, phase trajectories cannot intersect.

Critical point (definition 12, [4])

In order to receive equations (5.21) it is considered that f;(x) # 0.
However, if f;(x) = 0 and f,(x) # 0, then as the independent variable x, should
be chosen. if f,(x) = 0 and f3(x) # 0, then variable x; should be chosen, etc. As
shown, this construction is impossible in points a = (ay,..,a,) € R", such
that:

fila) = fr(a) = ... = fr(a) =0,
(5.21)

The point such thata € R™and f(a) = 0 is called the critical point of the set of
equations (5.1). The critical point corresponds to the equilibrium position of the
dynamic system, while it can be verified, that x(t) = a fulfills equations of
motion for every value of t [4].

Attractor (definition 13, [4],[9])

An attractor of a dynamical system is a subset of the state space to which
orbits originating from typical initial conditions tend as time increases. For
dynamical systems it is very frequent to have more than one attractor. For each
such attractor, its basin of attraction is the set of initial conditions leading to long-
time behaviour that approaches that attractor. Thus the qualitative behaviour of
the long-time motion of a given system can be fundamentally different depending
on which basin of attraction the initial condition lies in (e.g, attractors can
correspond to periodic, quasiperiodic or chaotic behaviours of different types).
Regarding a basin of attraction as a region in the state space, it has been found that

20
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the basic topological structure of such regions can vary greatly from system to
system.

Let us consider the following equation:

dx_
dt

—x2, x(0) = x,.

(5.22)

[t can be proved, that x = 0 is the critical point and x(t) = 0 is the equilibrium
position. For x, # 0 the equation (5.22) has the solution in form:

-1

1
x(t) = (—+ t) ,
X0
(5.23)
which is different for x, > 0 and x, < 0. For the case x, > 0, we have:
tlim x(t) = 0.
(5.24)

Whereas for x, < 0 the solution is unbounded (fig. 8).

The above example has proved that, for x, > 0 the solution is tending to
the critical point, when time is going to infinity. Such a phenomena is called
attraction and the subset of the phase space, towards which solution of system is
heading for, is called attractor.

A

x(?)

e

Fig. 8 Unbounded solution.
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Limit cycle (definition 14, [4])

Let us consider the general case, when x = ®(t) is the solution of the set of
equations given by (5.1) and let us introduce the constant T, such that:

d(t) = O(t+T),
(5.25)

for every t, then ®(t) is called periodic solution of period T. A closed curve in the
phase space corresponds to the periodic solution.

The periodic solutions of the autonomous system are also called limit cycles
(see fig. 12, chapter 6.1). If the limit cycle is attainable by the solution, when

t — oo, then it is stable and it is the attractor. Whereas, when the limit cycle has
this feature for t - — oo, then it is unstable and is unstable attractor [4].

Periodic function (definition 15, [10])
A function f(x) is said to be periodic, with period p, if:

f&x) = f(x +np),

(5.26)
forn = 1,2,...,n.
Quasiperiodic function (definition 16, [6])
The quasiperiodic function is called such a function:
u(t) = F(wit, ..., wut),
(5.27)

where: F: R" —» R, is 2m-periodic function considering every variable, and
frequencies wj, j = 1, ..., n are independent, i.e satisfying the relation:

ajw; = 0, g €Q j=1..,.n = a =0, j=1,..,n.

n
=1

]
(5.28)
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Chaotic function (definition 17, [11])
Let us consider the following representations:

(X, d) - metric space

S :X — X - continuous function

(X, S) - dynamic system with discrete time

X - phase space

S - dynamic of system (X, S)

{Sn(Oen = {x,S(x),5%(x), ...} - trajectory of points x € X

Point x € X is called periodic, of period n € N, n > 2, if S"(x) = x and
Sk(x) # xfork=12,..,n— 1.

The dynamic system (X, S) is called chaotic and dynamic S is called chaotic
function, if the following assumptions are fulfilled:

» transitivity (T)

» sensitivity (W)
= density of periodic points (0)

= Transitivity (T)

The dynamic system (X, S) has the transitivity feature (T), if for an arbitrary
pair of nonempty and open sets 4, B in X, there exists numbern € N, such that:
S"(A)nB #0.

X R S: XX

S - = B b = 5"(a)

Fig. 9 Transitivity.
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» Density of periodic points (0Q)

The dynamic system (X, S) has the feature of density of periodic points, if
periodic points of dynamic S create dense subset of X.

A S : B KX
a = S5'a)

b = Sk}

Fig. 10 Density of periodic points.

= Sensitivity (W)

The dynamic system (X,S) is said to be sensitive, if there exists such a
number § > 0, that for every x € X and its neighbourhood O,, thereisy € O,
andn = 0, such that:
d(S™(x),S"(¥)) > §.

X S XX

SHx) ]

T M 6
~ S=(y)

Fig. 11 Sensitivity.
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6 m Investigation tools of nonlinear dynamics

As the tools for chaos detection Poincaré maps and bifurcation diagrams are
used. Both described below according to [2],[3],[4]-

6 . 1 Poincaré maps

The theoretical base for Poincaré maps was introduced by Jules Henri
Poincaré [3]. The widespread use of computer graphics facilities to examine
chaotic behaviour in dynamical systems has led to the method of Poincaré maps
becoming one of the most popular and the most illustrative method of describing
‘strange attractors’.

During investigations of the dynamical system we are particularly
interested in the asymptotic behaviour of the phase trajectories. This allows us to
investigate the behaviour of the phase trajectories points of the specially selected
time periods. The Poincaré maps consists of these points.

The definition of Poincaré map is different for autonomous and
nonautonomous systems. At first, let us assume, that considered dynamical system
is defined by the equation:

dx
- = n
7 f(x), x € R",

6.1)

and has limit cycle, as depicted in figure 12. Let x* be the point placed at the limit
cycle and }; is the (n-1)-dimensional area, throughout which limit cycle is cut in
point x*. Phase trajectory beginning at point x cuts again the area ). after time
interval equal to period of limit cycle T. Phase trajectories starting in the vicinity of
point x* — U, placed on the area ). , after period T cut the area in vicinity of
x* — V. Hence, equation of motion (6.1) and the area), define mapping P,
characterising vicinity U < ) of point x* onto vicinity V of point x*. Such
a mapping is denoted as Poincaré map for autonomous system.
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Fig. 12 Limit cycle.

Let us consider dynamic system, defined by the following equation:

dx 3
i f(x), x € R°.
(6.2)
The Poincaré map may be defined as the set:
{ (11 @®), %2(O)] t=1,.}, %3 (tx) = comst.
(6.3)

Having defined the Poincaré map in such a manner we cannot assume it is done
properly, since the phase trajectory can never transect area ), (for instance }, ; in
figure 13). In actual euclidean phase space for dynamic system, having the
attractor different than critical point, there is a possibility to specify ). in such a
manner, that Poincaré map is defined properly [4].

Fig. 13 Phase trajectory transecting areas Z ) and Z 9

[t should be taken into consideration, that Poincaré map obtained according to the
above rules is not interchangeable construction. It may happen that, trajectory
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never transects specified area ), , since for the dynamic system given, there are
many possible choices for }; , as shown in figure 13.

Let us define the Poincaré map for nonautonomous systems, given by:

dx
E=f(x,t), x €R,
(6.4)

where f(x,t) is periodic function characterised by period T. The system specified
by equation (6.4) might be denoted as (n + 1)-dimensional autonomous system of
cylindrical phase space R" x S1.

Fig. 14 Cylindrical phase space.

Considering n-dimensional area), € R"™ x S1:

Z:{(x,e)e R* x SI,  @=06,}.
(6.5)

After time equal to the period T, phase trajectory x(t) transects area ), (fig. 14).
The mapping defined as:

P: XY - XY (R" - R"),
(6.6)

and mapping x(t) in x(t + T) is called Poincaré map.
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6.2 Bifurcations

A concept of bifurcations was introduced into nonlinear dynamics by
Poincaré. Bifurcation indicates a qualitative change of the features of a dynamical
system, such as the solution of nonlinear differential equation that describes the
system. Let us consider the following, nonlinear differential equation:

dx
E - f(xl a);

6.7)

where x € R", a € R. The bifurcation takes place, when the solution of the above
equation qualitatively changes its character according to changes of the parameter
a. The magnitude of a = a, , for which this change occurs is called bifurcation
point (locations at which bifurcations occur, that are in the state-control space,
formed by state variables and control parameters). By definition local bifurcation
is a qualitative change occurring in the neighbourhood of a fixed point or a
periodic solution of the system. Any other qualitative change is known as global
bifurcation. Generally, it is said, that the theory of bifurcation is the science
investigating how the number or character of attractors of the equation (6.7)
changes in relation to changes of parameter a [3].

Basically, bifurcations are divided into continuous and discontinuous
(sometimes called catastrophic) bifurcations. The division depends on the
continuous or discontinuous variation of the state of the system , when the control
parameter is changed gradually, through its critical value. In continuous-time
systems, such as defined by (6.7), when at least one of the control parameters
corresponding to astable fixed point is altered , the fixed point may lose its
stability through one of the following bifurcations:

= pitchfork bifurcation

» transcritical bifurcation
» saddle-node bifurcation
» Hopf bifurcation.

The first three types of bifurcations are classified as the static ones, while at
the bifurcation points related to them, only branches of fixed points or static
solutions meet. Considering the Hopf bifurcation, branches of fixed points and
branches of periodic solutions meet, and that is why these bifurcations are defined
as dynamical.

Below, types of bifuractions are presented, basing on [2].
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6.2.1 Pitchfork bifurcation

Let us investigate the bifurcation occurring in the dynamical system,
described by the following equation:

dx_ b
dt—ax— x3,

(6.8)
where a, b are real constants. It can be proved, that points:

x=0 for a € R,

as well as

i
x—_b,

beR,ZI>0
al lb )

for

are the critical points of the equation (6.8).
In order to investigate stability of the point x = 0, let us consider the
linearised equation:

dx_
E—ax.

(6.9)
The solution of the above equation takes the following form:
x(t) = xpe®t,

where x, = x(0) is the initial condition. Hence, one receives, that x = 0 is the
stable critical point, under the condition thata < 0.

The nonlinear equation (6.9) can be solved substituting 1/ x? for x. Then,
the linear equation, with respect to 1/ x? is obtained:

(6.10)
or
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dx~?

R + 2ax™? = 2b,

(6.11)

with the solutions formulated as follows:

If ax?
¥2(0) = { bxt+ (a —2 bxg)e‘zat,
X0

l 1+ 2bxit
for a,
or

x(t) = Vx%(t) sgn(xo),

where sgn x, = 1,forxy > 0,sgnxy = -1 x5 < 0,sgn x, = 0 x, = 0.

The bifurcation takes place at point a = 0. There exists one stable critical
point (attractor) x = 0, for a < 0. Whereas, when a > 0, there exist 2 stable

critical points (attractors) x = +.,/a/b and nonstable critical point (negative

attractor) x = 0. Such a bifurcation is called supercritical, since new qualitative
solution occurs fora > a..

[ l
4+ bxX’z=a
I

Fig. 15 Supercritical bifurcation.

For a > 0 there exists only 1 unstable critical point x = 0, whereas for

a <0, there are 3 stable points x = Oand unstable x = +,/a/b. Such
a bifurcation is called subcritical.
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Bifurcations presented in figures 15 and 16, are called pitch-fork
bifurcations.

I
)
I
I
—>
I
]
]
]
- —
I
I
]
L
]
—ly
=
—

'f""l- l

Fig. 16 Subcritical bifurcation.

6.2.2 Saddle-node bifurcation

The another type of bifurcation is described by means of the following
equation:

(6.16)
The critical point of above equation are

xl = \/E, xz == _\/E.

While we are interested in real solutions only, we see, that for a > 0 we have 2
critical points, for a = 0, and there are none for a < 0. Equation (6.16) can be
integrated using variable division.

\/— X, + Vatanh(v/at)

Va + x, tanh(vat) fora>0
x(t) = | 1-50th fora=0
— +/—atanh(+/—at)
“_ J=a+ %o tanh(vat) ¢ < 0
(4.17)
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In the above equation, as the initial condition x, = x(0) is taken. Analysing the

course of the function of the solution of x(t) we see, that:

tlim x(t) =Va fora>0 and x,> —a,
Jim x(t) = —/a fora>0 and x,> —/a,
tlim x(t)=0 for a=0 and x, =0,

Moreover,

lirq x(t) == fora=0andx, <0,

to=—
Xo

lim x(t) = -0 fora>0andx, < —Va,
t—n/Etanh(%a)

lim x(t) =400 fora<Oo.
t— «/—_atanh(_xo_a)

The properties of the solution (6.16) are presented in figure below.

| R

Fig. 17 lllustration of the properties of the equation (6.16).

Dynamics of double pendulum with parametric vertical excitation
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This elaboration implies, that number of critical points is changing, when the value
of parameter a passes zero. Moreover, stability of critical points is also changing,

when x = +Va passes zero. This kind of bifurcation is called saddle-node
bifurcation.

6.2.3 Hopf bifurcation

The Hopf bifurcation lies in loss of the stability of the critical point, what
implies appearance of periodic solution (limit cycle). The bifurcation can be
discussed using the following set of differential equations:

dx
- = ytla-x*-yIx
dy
i + (a — x2 —y?)y,

(6.18)

where a € R. Assuimng dx/dt = dy/dt = 0, it can be seen, that x = 0 and

y = 0 are the critical points. Linearising (6.18) in the neighbourhood of the
critical point, one obtains:

dx_ N
dt yTax
d

d_}t]: x+ ay

(6.19)

The solution of the above set of equation is combination of the linear functions:
x(t) = ey,

y(t) = et,
satisfying the equation:

Au = su,

where s is proper value, u = [u, v]T, are the proper vectors, and A is 2 X 2 matrix:
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a= 11 2

Hence,

-1

0 = det(4 —s) = |aIS T

|= (a—s)*+ 1,

yielding

(6.20)

The solution y = x = 0 of the linearised system is stable, if Re(sl‘z) <0, i e
when a < 0and unstable fora > 0.

The form of the set of equations (6.18) was chosen in such a manner, that
they are able to be solved analytically. Introducing polar coordinates x =
rcosf,y = rsinf for r > 0 it can be easily shown, that x + iy = r exp(if).
Multiplying the second equation from the set (6.18) by i and then adding to the
first one, one receives:

B S T I R A ; w2 a2
T dt+ldt y+ix+ (a—x*—1y°),
or
dr doy . . .
— i | pif — i1.,100 _ 2 i
<dt+lrdt>e iret + (a—r)re'.

(6.21)

Dividing both sides of the above equation by exp(if) and comparing real and
imaginary parts on the both sides of the equation, we obtain:

dr - )
rrin r(a— r*),
dée _q
at
(4.22)
Hence,
34
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ary fora #0
or a
2 2\ ,—2at
v+ (a—717)e
ri@)=4" rz( o) ,
0
\ 1+ 212t fora=0

(6.23)
and

8=t+6, r,=r(0), 6,= 6(0).

The solution (6.23) can be presented as the phase trajectory x = (x(t),y(t)) on
the plane, introducing Cartesian coordinate system x —y. For a < 0, all phase
trajectories x(t) - 0 for t — oo and point x (0,0) is the attractor. The behaviour
of phase trajectories in that case are presented below.

><V

2V

\_

Fig. 18 Phase trajectories of the solution (6.23).

For a > 0 point x (0,0) becomes the negative attractor and as the consequence
new stable solution appears:

x = Vacos(t+ 6,),
y = Vasin(t + 6y),

which is limit cycle. Such a solution is shown in figure 19.
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+y’=a

Fig. 19 Limit cycle for negative attractor.

All phase trajectories beginning at the arbitrary point of the phase space, other
than x (0,0) tend to periodic trajectory, in our case described by the equation:

The presented Hopf bifurcation is the supercritical bifurcation, i.e the stable
limit cycle replaces stable critical point, when a changes sign.

As shown, in case of transcritical bifurcation or pitch-fork bifurcation, the

real proper value passes zero as parameter a passes critical value (for instance
a,), either increasing or decreasing. See figure below.

Imi A
g

>

Im A

]

Fig. 20 Left: Saddle-node bifurcation; Right: Hopf bifurcation.
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As the consequence of this transition, one or two stable critical points
emerge. On the contrary to these bifurcations, in case of Hopf bifurcations, the real
part of the conjugated proper values 4;, changes sign from negative to positive
and when passes critical value a, the stable critical point is replaced with the limit
cycle.

Fig. 21 Replacement of stable critical point with the limit cycle.

Hopf bifurcations are characteristic for number of nonlinear differential equations.
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7 m Model of the double pendulum

While the topic of this thesis concerns the investigation and analysis of the
motion of the double pendulum system using numerical methods only, all relevant
physical phenomena have to be presented using language of mathematics. At first,
the general case will be introduced, basing on which, the special case of the double
pendulum system will be derived. The latter case is related to the model of
investigation of this paper, including all necessary specification and requirements.

At the very beginning, there will be thorough study of the possible positions
occupied by the system, followed by projecting those positions on coordinate
system. Knowing that, velocities will be found. The next step is to define potential
and kinetic energy of the system, as well as tinding their proper derivatives, which
will make it possible to formulate equations of motion, on the basis of Lagrangian
mechanics.
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7 . 1 The general case

Let us consider a model of plane (2 dimensional), double pendulum,
attached to the tie, as depicted in figure 22. The system consists of 2 elastic and
weightless joints - 2 springs of characteristics k; and k,.

Fig. 22 General case of double pendulum.

There are point masses m; and m, fastened to the ends of particular joints of
initial length [y, and [,, respectively. Since both springs are stretched by the point
masses, considering ly4, ly, as the initial lengths, their total lengths at rest can be
formulated as follows:

(my + my)g
l; = lpg + k—l,
(7.1)
myg
l” = loz + kl s
(7.2)
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While swinging, since dynamic forces are applied, springs elongate further and
their total lengths are [; and [,, respectively. Due to the viscous damping at the
fastenings and in springs occur, viscous damping coefficients c¢; and c, for the
fastenings and c; and c, for the springs need to be introduced.

The whole system is subjected to the circular excitation E, which can be
decomposed to the horizontal and vertical components:

E, = A sin wt,

(7.3)
E, = A cos wt,
(7.4)
and its derivatives are as follows:
E'x = Aw cos wt,
(7.5)
E'y = —Aw sin wt,
(7.6)
E, = —Aw? sin wt,
(7.7)
Ey = —Aw? cos wt.
(7.8)

Using the Lagrangian mechanics, the equations of motion will be derived.
The generalised coordinates are ¢, ¢, and [;,[,. Projecting the positions of the
pendulum’s masses on the Cartesian coordinate system, shown in figure 22, we
obtain:

Ty1 = lising, — E,,

(7.9)
Tyy = lising, — E, + 1,sing,,
(7.10)
Ty1 = licos@, — E,,
(7.11)
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Tyz = licos@q, — E,, + l,cos5,.
(7.12)

By integrating and summing (7.9) and (7.11), as well as (7.10) and (7.12), we
obtain equations of velocities:

v, = (l'l2 — 21,sing,E, — 2l,cos@, ¢, E\ + Exz - 2l'1cos<p1E'y +1,%¢,2
. . 2.1
+ 21;sing, ¢4 E;, + Eyz)f,
(7.13)

vy, = (=2licos@1 ¢, Ey + 211sing ¢, Ey + 211911, ¢95c05(@1 — @2) + 1,
+ 2L lc08(@1 — @2) + 2L L gosin(@r — @2) — 2¢1Lrsin(@; — @2)
+ (p'zzlzz — 21;sing,E, — 2l'1c05<p1E;y + Exz + Eyz + l'lz + l12<p'12
. . .o . 1
— 2Eylycos@,¢, + 2B, sing,¢, — 2E,lsing, — 2E,1,c059,)2,
(7.14)
According to definition 5, the total kinetic energy of the system is given by :
2

m;v:
Tzz iy
_ 2

n
i=1

Substituting squares of (7.13) and (7.14) into (2.5), the total kinetic energy of the
system is:

T = Eml ( llz - 2l15‘in(p1Ex - 2l1COS(p1(p1Ex + Exz - 2l1COS(p1Ey - llzfp'lz
+ 2l sing, ¢, E, + Eyz)

+ 5 M2 (—211COS<P1<P1Ex + 2l;sing ¢, Ey, + 21161 1,495 cos(@q — @3)

+ l.z2 + 201, cos(p1 — @2) + 21’1[2¢"25m(§01 — ¢2)

— 21,9, L,sin(p, — @,) + (p'zzlzz — 2, sing E, — 2l'1c05<p1E;y + Exz
+ Eyz + l'lz + l12<p'12 — 2E,l,cos0,¢, + ZEylzsin<p2<p2 — 2E,L,sing,
— 2E,l,cos0, ),

(7.15)

whereas, potential energy (on the basis of definition 6), for the general case of
double pendulum, takes the following form:
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1
V=mygliy(1—cosp,) + ng(ll(l —cospy) +1,(1 — cos<p2)) + §k1(l1 —1))?

1 2
+ Ekz(lz —1)”.
(7.16)

In order to calculate equations of motion, function of dissipation have to be
also taken into consideration. For general case, it takes the following form:

1 - 1 . . .2 1 .2 1 .2
D =§C1g01 +§Cz(‘P2_(P1) +§C3l1 +§C4lz .
(7.17)

Having calculated (7.15), (7.16) and (7.17) and substituting their adequate
derivatives to Lagrange's equations of the 2nd kind (see chapter 2; 2.14), we
receive 4 equations of motion for the system given in fig. 22; 1 equation for each
degree of freedom. They are as follows:

@1 (my + m2)112 + @omylil; cos(pr — @2) — .l.zmzl15m(§01 — ¢3)
+ 291111, (my + my) + 29,1,m, 1 cos(y — @)
+ @2 myl 1, sin(@q — @,) + (my + my)glysing,
— Ex (my + myp)l; cos @, + E,,(my + my)l; cos @1 + ¢4
+c(p1 — 92) =0,

(7.18)
F1mali 1, cos(@1 — 93) +Pamy Ly +1 mylysin(@y — @) +@1lim, 1, cos(e;
—2 .
—92)¢, mylyl; sin(@q — @3) + @lymyl, + myglysing,
— E, myly cos @ + Eymyly sin@, + c3(@; — ¢1) = 0,
(7.19)

@amylosin(@y — @2) + [ (Mg + my)+lmycos(@r — 92)—@1 21 (my +my)
+ 2¢2i2m25in((P1 —@3) — gbzzmzlzcos((pl — @)tk — 1)+ C3i1
+ (my + my)(1 — cos@,)g — Ex(my + my)sin @,
+ E,(m; + my)cos @1 = 0,

(7.20)
—{pymylysin(@y — @2)+1; mycos(@y — 9u)+lmy—2¢, lym,sin(p,
- ¢2)—¢12mzl1C05((P1 — @)= @2"myly + cylptky(l — 1))
+ myg(1 — cos@,) — Exm,sin @, — Eymycos @, = 0.
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(7.21)
The general matrix representation of equations of motion can be presented in the
following form:

MG+ cq+ kg = f(t).
(7.22)

Rearranging equation (7.22), we obtain mass matrix M and rest matrix R in the
following representation:

M{ =R,
(7.23)
where:
G =M1R,
(7.24)
and
@1
Tl
I
(7.25)

Putting equations (7.18), (7.19), (7.20) and (7.21) into (7.23), we obtain
4 dimensional system of equations of motion in matrix form, which is presented
below:
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7.2 The examined system

In previous subchapter there was considered a generalised case of double
pendulum. In this section, the special case will be analysed and all necessary
derivations will be presented and then whole system will be verified in association
with general case, performing all required modifications in general case model.

Let us have a look on a model of plane (2 dimensional), double pendulum,
attached to a tie, as depicted in figure 23. The system consists of 2 weightless joints
— the first on is elastic - spring with characteristic k;, the second one is inelastic of
fixed length.

Fig. 23 Special case of double pendulum.

There are point masses m; and m, fastened to the ends of particular joints of
initial length l,; and [y, respectively. Since spring of the first joint is stretched by
the point masses, the length at rest, taking ly,; as the initial length, can be
formulated as follows:

(my + my)g

ll = lOl + kl

(7.29)
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While swinging, the length of the spring is increased, since dynamic forces are
applied, and its total length is [;. For convenience, let us denote length of the
second jointas [, :

loz == lz.

(7.30)

Due to the viscous damping at the fastenings and in spring occur, viscous
damping coefficients ¢; and c, for fastenings and c; for spring need to be
introduced.

In this particular case, the whole system is subjected to the following
vertical excitation E;:

E, = A sin wt,
(7.31)
and its derivatives are as follows:
E'y = Aw cos wt,
(7.32)
E, = —Aw? sin wt.
(7.33)

Using the Lagrangian mechanics the equations of motion will be derived.
The generalised coordinates are ¢;,9,and l;. Projecting the positions of the
pendulum’s masses on the Cartesian coordinate system, shown in figure 23, we
obtain:

Ty1 = l1singq,

(7.34)
Ty2 = lising, + l,sing,,
(7.35)
Ty1 = licos@, — E,,
(7.36)
Tyo = lycospy — E,, + l;co5¢,,

(7.37)
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By integrating and summing (7.34) and (7.36), as well as (7.35) and (7.37), we
obtain equations of velocities:

. . . . . 2.1
U= (llz - 2l1COS(p1Ey + llz(plz + lesln(pl(plEy + Eyz)i,
(7.38)

. - C . ; . 2 ) .2
v, = (2l;sing¢,Ey + 2111, @,c05(@q — @3) — 2licosp E, + E), + 112(p12 + 1
. . 1
+ 2lysing, ¢, Ey + 211 L, g,psin(@q — @) + (ﬁzzlzz )2,

(7.39)

According to the definition 5(see chapter 2), the total kinetic energy of the system
is given by (2.5). Substituting squares of (7.38) and (7.39) into (2.5), the total
kinetic energy of the system is received:

1 .2 . . 2.2 ) e L2
T = Eml (11 — 2licospqEy + 117 ¢1" + 2l;sing ¢4 E, + E,, )

1 . + . . . .
+ Emz (2llsin(p1<p1Ey + 2L, 91, ¢,c08(; — @4) — 2lcosp4E,
+ Eyz + l12¢512 + l'l2 + 2lzsin902(ﬁ2Ey + 2l'1lzg0'zsin((p1 —@3)
+ <P22122),
(7.40)

whereas, its potential energy (on the basis of definition 6), for the special case of
double pendulum, takes the following form:

1
V=mygli(1 —cose,) + ng(ll(l —cospq) +1,(1 — cos<p2)) + Ekl(ll —1))2.
(7.41)

In order to calculate equations of motion, function of dissipation have to be also
taken into consideration. For the special case, it takes the following form:

11 L1
D=§C1<P1 +§C2(<P2—<P1) +§C3l1 .

(7.42)

Having calculated (7.40), (7.41) and (7.42) and substituting their adequate
derivatives to Lagrange's equations of the 2nd kind (see chapter 2, 2.14), we
receive 3 equations of motion for the system given in fig. 23; 1 equation for each
degree of freedom. They are as follows:
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¢1(my + mz)llz + @amylyl; cos(pr — @3) + 2§b1i1l1(m1 +m;)
+ o °myl L, sin(py — @) + (my + mz)(g + Ey)Sin(P1l1 + 11
+ (1 — ¢2) =0,

(7.43)
@1 mylyl; cos(p — @3) + (ﬁzmzlzz + .l'1m21251n((91 - ¢3)
+ 2¢1lymyl; cos(@r — @2) _¢12mzlllz sin(@; — ¢2)
+ m2125in(P2(g + Ey) + (g2 — 1) =0,
(7.44)

@amalasin(@y — @3) + I(my +my) — (Pzzmzlzcos((Pl —@2) — pili(my +my)
— (my + my) cos ¢y (Ey + g) + (my +my)g+ k(L — 1) + c3ly
= 0.
(7.45)
Recalling the rearranged general matrix representation of the equations of motion:
Mg = R.

(7.23)

Putting equations (7.43), (7.44) and (7.45) into (7.23), we obtain 3 dimensional
system of equations of motion in matrix form, presented below:
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Model of the double pendulum

7. 3 Comparison of the cases

While system presented in subchapter 7.2 is simplified version of the
double pendulum from section 7.1, it is relatively simple to verify, whether the
examined system is derived properly, basing on the general case. Since in the
special case there are only 3 degrees of freedom, unlike 4 DOFs from the general
case, then it is reduced to 3 equations of motion and as the consequence size of the
mass matrix M is 3 X 3 and of rest matrix R is 3 X 1.

Comparing both cases we notice that matrix (7.46) is inscribed into (7.26)
i.e. it occupies its top-left position and their particular elements correspond to each
other. As for the generalised coordinates, in the special case there are only 3 of
them due to fewer degrees of freedom, see (7.27) and (7.47). Furthermore,
removing components with iz and setting the parameters from the rest matrix R
(7.28) like k,, c, and horizontal component of excitation E, to zero we obtain the
rest matrix R related to the special case (7.48).

The above elaboration proves, that system is derived correctly and
properly.
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8 m  Numerical analysis

This chapter is devoted to the investigation and analysis of the behaviour of
the double pendulum system, presented in chapter 7.2, which is the subject of this
paper. The research utilises the specially written software for the mathematical
computations concerning this task. Additionally graphical program was used in
order to gather data and create diagrams.

8 . 1 Research input data

There are a few steps necessary to understand the motion of the given
system. The most reliable tool in analysis are bifurcation diagrams, which make it
possible to verify how a negligible increment or decrement of a chosen parameter
influence the dynamics of the whole system. Moreover, as the additional chaos
detection instrument Poincaré maps were used. Finally, phase portraits and time
diagrams were created.

The numerical investigation of the double pendulum with parametric,
vertical excitation system, was performed for the following set of parameters:

m; = 2Kkg,
m, = 3Kkg,
k = 2500 N/m,
[, = 0.6m,
[, = 0.6m,

2
c; = 0.017m, /gll3 kgsm,
2
c; = 0.011m, [g 1> L

C3 = 0.02 kl(m1+m2) kTg,

Amplitude = 0.25m.
(set8.1)
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and the set of the initial conditions:

¢, = 0.5,
@, = 0.2,
L=1,
¢, = 0.0,
¢, = 0.0,
[, =0.0.

(set8.2)

The research is performed when system indicates stable behaviour - i.e
proper vibrations of the system disappear and it is subjected to the forced
vibrations only, that is a reason, why the specific number of periods is omitted and
data collection is started at the particular step (there are 200 stabilising periods
followed by 100 periods recorded).

8.2 Analysis of the excitation frequency influence

At first, the influence of excitation frequency on the behaviour of the double
pendulum system with parametric, vertical excitation is investigated.

8.2.1 Bifurcation diagrams for excitation frequency

There are the bifurcation diagrams, for data given in set 8.1 and initial
conditions in set 8.2, with excitation frequency taken as the bifurcation parameter,
presented below. For convenience, the same variable for forward and backward
direction of investigation were put on the same page.
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Fig. 24 Forward bifurcation diagram for angle ¢, and excitation frequency w.
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The bifurcation diagrams were created in two directions of the parameter
change. At first, simulation was started forwards, then, after reaching the limit, and
applying the end conditions as the initial conditions, simulation was restarted
backwards. It occurred, that solutions vary, indicating coexistence of attractors,
what can be noticed in bifurcation diagrams, presented in figures 27 to 30.
Generally, areas of the altered behaviour of the system differs significantly for
forward and backward bifurcations.

The bifurcation diagrams presented in figure 27 concern change of
declination angle ¢, with respect to the excitation frequency w in range of (0.01 to
12) Hz. We observe periodic motion until w = 5.1 Hz, where saddle-node
bifurcation occurs. Due to the loss of the stability of the system, motion changes
into chaotic one. Such a situation is kept until w = 5.9 Hz, starting at that point,
until @ = 9.0 Hz, system is in atemporary section. Then, the attractor change
proceeds and as the consequence, there is a rapid change of the behaviour of the
system, which is now multiperiodic, until the end of the measuring range. In case
of diagrams 28 and 30, at the end of the phase of chaotic motion, we observe
inversed period doubling for w = 5.5 Hz, followed by the multiperiodic motion.

An interesting phenomena occur for bifurcations presenting total spring
length depending on excitation frequency. We observe, that after some critical
value of w, spring begins to elongate rapidly, while subjected to the periodic
motion. The possible explanation for that are rotations of the end pendulum. As the
consequence of the action of positional force, spring’s length is increasing.

8.2.2 Poincaré maps for excitation frequency

The Poincaré maps presented below, proves the assumption for chaotic
motion for excitation frequency w = 5.5 Hz, points are scattered and no pattern
can be found. Whereas, study of case for w = 8.2 Hz, reveals that motion for that
value of excitation frequency is multiperiodic. Additionally, there are Poincaré
maps for spring for every behaviour of the system, described above, i.e. for
w =1Hz, 7Hz, 10.5 Hz. These diagrams reveal that motion for those values of
excitation frequency are either periodic or multiperiodic.
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8.2.3 Phase portraits for excitation frequency

There are phase portraits for every investigated frequency resented below.
While we are only interested in behaviour mapping, only phase portraits
concerning spring are shown. All diagrams were created for the same time
interval, when the system was stable.

One can see, that every diagram, except the one for excitation frequency
w = 5.5 Hz, show the periodic or multiperiodic motion. The distinguished case
prove chaotic motion.
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Fig. 37 Phase portrait for excitation
frequency w = 10.5 Hz.

8.2.4 Time diagrams

The simplest way to visualize the motion of the body is to create diagrams
showing dependency of a chosen parameter with respect to the time. There are the
declination angles ¢,, ¢, and total spring length [;versus time diagrams. They
were created for set 8.1 and set 8.2 with excitation frequency w = 5.5 Hz. One can
see, that there are no distinctive similarities or patterns in the whole analysed
interval, and thus the system indicates chaotic behaviour.
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Fig. 38 Angle ¢, change vs time for excitation frequency w = 5.5 Hz.
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Fig. 39 Angle ¢, change vs time for excitation frequency w = 5.5 Hz.
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Fig. 40 Total spring length 1; change vs time for excitation frequency w = 5.5 Hz.

8. 3 Analysis of the stiffness coefficient influence

In this subchapter, the influence of the stiffness coefficient of the spring on
the behaviour of the double pendulum system with parametric, vertical excitation
is investigated. The assumed excitation frequency w is constant for all considered
cases and equal to 8.5 Hz.

8.3.1 Bifurcation diagrams for stiffness coefficient

There are the bifurcation diagrams, for data given in set 8.1 and initial
conditions in set 8.2, with stiffness coefficient taken as the bifurcation parameter,
presented below. The excitation frequency w is set to 8.5 Hz.
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For the better insight into the systems behaviour, there is the magnification
of the one of the most interesting areas for stiffness coefficient k ranging from
2130 to 2180.
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62
Dynamics of double pendulum with parametric vertical excitation



Numerical Analysis

The other zone of more accurate calculations is performed for the second
window occurring on bifurcation diagrams, ranging from (2470 to 2710) N/m. For
convenience and diagram clearance, only 3 top branches are shown.
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Fig. 47 Magnified forward bifurcation diagram for total spring length [,
versus stiffness coefficient k.

The bifurcation diagrams presented in section 8.3.2 concern change of
declination angle ¢; and total spring length [; with respect to the stiffness
coefficient k in range of (2000 to 3000) N/m. We observe irregular motion in
almost whole investigated range. We may distinguish 2 windows with periodic
motion, for k = 2130 to 2180 and similarly, for k = 2470 to 2710 for forward
analysis, and for k = 2470 to 2550 for backward analysis. The closer investigation
of the 1 window, suggests that we deal with the secondary Hopf bifurcation
(Neimark bifurcation) in that range, i.e. transition from periodic to quasiperiodic
motion is seen. Whereas, in the second window, the transition from chaotic motion
to regular one takes place via sequences of period doubling bifurcation. Similarly,
for stiffness coefficient around k = 2700 N/m, one may observe period doubling
phenomena as the route to chaos.

The bifurcation diagrams were, again, created in two directions of the
parameter change. At first, simulation was started forwards, then, after reaching
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the limit, and applying the end conditions as the initial conditions, simulation was
restarted backward. It occurred, that solutions slightly vary, what is especially
visible in windows. indicating coexistence of attractors. Generally, forward and
backward bifurcations are very similar, but for the backward direction, we observe
that the switch of the solution occurs later (starting from k = 3000, there is
a longer period of probable chaotic motion, until k = 2550).

8.3.2 Poincaré maps for stiffness coefficient

The Poincaré maps presented below, prove the assumption for chaotic
motion in the mentioned areas, points are scattered and no pattern can be found.
Whereas, for periodic motion, adequate diagrams also can be seen. Moreover, for
the case k = 2135 N/m, quasiperiodic motion is revealed.
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8.3.3 Phase portraits for stiffness coefficient

The phase portraits for every investigated stiffness coefficient are
presented below. There are only phase portraits concerning spring, while we are
only interested in the behaviour mapping. All diagrams were created for the same
time interval, when the system indicated stable behaviour. All possible solutions
are again visible, chaotic motion, quasiperiodic and periodic ones.
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8.3.4 Time diagrams

The simplest way to visualize the motion of the body is to create diagrams
showing dependency of a chosen parameter with respect to the time. There are the
declination angles ¢4, ¢, and total spring length [, versus time diagrams. Diagrams
were created for set 8.1 and set 8.2 with stiffness coefficient k = 2300 N/m. One
can see, that there are no distinctive similarities or patterns in the whole analysed
interval, and thus the system indicates chaotic behaviour.
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g m Conclusions

The numerical analysis performed for the double pendulum parametrically
excited allow us to draw number of conclusions. First of all, the characteristic
behaviour indicates, that the investigated system shows greatly nonlinear
dynamics. There exist intervals of control parameters, depending on which, either
periodic (including multiperiodic) motion or chaotic motion of the system is
observed. Additionally, quasiperiodic motion was found. Furthermore, as proved,
in some cases there is a possibility of coexistence of attractors, having influence on
the motion. During the research, rapid change of motion from periodic to chaotic
was shown according to saddle-node bifurcation for excitation frequency. As in
case of the stiffness coefficient, taken as the bifurcation parameter, route to chaos
was obtained via period doubling and Hopf bifurcations.

To conclude, the performed investigation indicates sensitivity of the
examined system to control parameters, resulting in sudden changes of the
system’s behaviour. It means, that rapid alteration of the behaviour of the system
might be noticed, as the response to its control parameters change.

In technical literature, chaotic system is frequently understood as the
system, whose numerical simulations suggest existence of complex dynamics.
However, it is hardly ever assumed, that complicated attractor is in reality, the
periodic trajectory of extremely large period; or we deal with quasiperiodic
motion.
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